We find an example to show when the Hyers-Ulam stability does not occur for approximately linear mappings. We also investigate the behavior of such mappings.
Let Ex, E2 be two real Banach spaces, and let /: Ex -» E2 be a mapping that is "approximately linear." S. M. Ulam posed the following problem: "Give conditions in order for a linear mapping near an approximately linear mapping to exist" [5, 6] . The solution to this problem has been given in the following way: Theorem 1. Consider Ex, E2 to be two Banach spaces, and let f: Ex -, E2 be a mapping such that f(tx) is continuous in t for each fixed x. Assume that there exist 0 > 0 and p ft 1 such that \\f(x + y)-f(x)-f(y)\\<d(\\x\\i> + \\y\\P), for any x, y £ Ex.
Then there exists a unique linear mapping T: Ex -> E2 such that, in the case P<1,
\\f(x) -T(x)\\ < ^rlMI'. M any x € Ex, while in the case p > I, \\f(x) -T(x)\\ < ^jM", for any x £ Ex.
The solution to this problem was obtained by D. H. Hyers for p -0 [2] . This result was generalized by T. M. Rassias for p £ [0, 1) [3] . One can easily verify that the proof given in [3] also works when p < 0. The problem for p > 1 was solved by Z. Gajda using a similar approach [1] . This problem was further considered in [4] . In this article we shall give a very simple example to show that a stability theorem cannot be proved for p = 1 . We shall show that there exists a continuous real-valued function /: R -► R satisfying \f(x + y)-f(x)-f(y)\<\x\ + \y\, satisfies the condition lim^oo &£-= oo. One can easily verify that it is continuous, odd, and convex on the set of positive real numbers. Let x , y be any two positive real numbers. Since / is convex, it follows that
where c = x + y . From (2) and (3), inequality (1) follows. Since / is an odd function, this inequality holds for x, y < 0 as well. It remains to consider the case when x > 0 and y < 0. There is no loss of generality in assuming that |x| > \y\ holds. Because / is odd and convex on the set R+ , we have
But x + y and -y are positive real numbers. Thus, the previous argument completes the proof. Q.E.D.
In the following theorem we shall investigate the behavior of mappings that are approximately linear in the sense of inequality (1). for all x satisfying \ < ||x|| < 1. Claim that
for any positive integer aa . The verification of (9) follows by induction on aa . According to the hypothesis, the case n = 1 is clear. Assume now that (9) holds and we want to prove it for the case (aa + 1). Using the triangle inequality and (9), we get
For any x with norm greater than one, we can find an integer aa such that the vector y = 2~"x satisfies \ < \\y\\ < 1 . Moreover, we have n < log2 ||x|| + 1.
It follows from (9) that l|2-VM-/(y)ll<«0||;p||.
Therefore ||/(x)|| < 2"(||/(>;)|| + nd\\y\\) < 2"\\y\\(c + nO) < \\x\\(c + ö(log2 ||x|| + 1)), which proves (5).
T. M. RASSIAS AND PETER SEMRL
A similar argument as in the proof of (9) yields ||2"/(2-"x)-/(x)||<aaö||x|| for any positive integer n . For any x in the unit ball ||x|| < 1, there exists an integer n such that the vector y = 2nx satisfies 4 < ||y|| < 1. It follows that n < -log2 ||x||. As in the previous case, we obtain \\2"f(x)-f(y)\\<nd\\y\\.
Thus, ||/(x)|| < 2-"(||/(y)|| + nd\\y\\) < \\x\\(c -d log2 ||x||).
Hence, (6) holds. Q.E.D.
Remarks. (I) Theorem 3 cannot be generalized for mappings defined on an arbitrary Banach space. In fact, every unbounded linear operator /: E\ -► E2 satisfies (4). However, conditions (5) and (6) are not fulfilled.
(II) The same proof works for mappings defined on an arbitrary Euclidean space with values in an arbitrary Banach space.
We conclude with an extension of Theorem 1.
Theorem 4. Consider Ex, E2 to be two Banach spaces, and let f: Ex -, E2 be a mapping such that f(tx) is continuous in t for each fixed x. Let k be a positive integer, k > 2. Assume that there exist 6 > 0 and p ^ 1 such that < 6 Í 2^ \\Xi\\" ] > foranyxx,x2,...,xk£Ex.
Then there exists a unique linear mapping T: Ex -> E2 such that, in the case P < I, kß \\f(x) -T(x)\\ < t-^\\x\\p , for any x £ E,, while in the case p > 1, kfí Mix) -T(x)\\ < 7¿rZjlWr°, M any x £ Ex.
Proof. One applies the same argument as in [3] . Q.E.D.
